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Abstract
How the prepared states and Unruh effect affect Measurement-Induced-Nonlocality (MIN) is
studied. We show that, as the Unruh temperature increases, the MIN between modes A and
I decreases but the MIN between modes A and II increases. We prove that the parameters ci
which decide initial prepared states affect not only the values of the MIN, but also the dynamical
behavior of it. By comparing the MIN with the maximal expectation values of CHSH inequality
and geometric discord between modes A and I, we also find that the MIN is more general than
the quantum nonlocality related to violation of Bell’s inequalities, and its values is always equal or
bigger than that of the geometric discord.
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I. INTRODUCTION
The investigation of relativistic quantum information not only supplies the gap of interdis-
cipline refer to quantum information and relativity theory, but also has a positive promotion
on the development of them. As a result of that, this domain has been paid much attention
in the last decade [1–12]. Among them, most papers have focused on quantum resource,
e. g., quantum entanglement[1–7, 12] and discord [8, 9], because quantum resource plays
an very important role in the quantum information tasks such as teleportation [13] and
computation [14, 15], and studying it in a relativistic setting is very closely related to the
implementation of quantum tasks with observers in arbitrary relative motion. In addition,
extending this work to the black hole background is very helpful for us to understand the
entropy and paradox [16, 17] of the black hole.
Despite much effort has been paid to extend quantum information theory to the rela-
tivistic setting, another important foundation of quantum mechanics—nonlocality is barely
considered. Recently, Nicolai Friis et al firstly studied the nonlocality in the noninertial
frame, and they pointed out that residual entanglement of accelerated fermions is not non-
local [18]. Following them Alexander Smith et al studied the tripartite nonlocality in the
noninertial frames [19], and DaeKil Park considered tripartite entanglement-dependence of
tripartite nonlocality [20]. Generally, most researchers analyzed the quantum nonlocality
by means of Bell’s inequalities [21] for bipartite system and Svetlichny inequality for tripar-
tite system [22], respectively. Because, these inequalities are satisfied by any local hidden
variable theory, but they may be violated by quantum mechanics. However, Shunlong Luo
and Shuangshuang Fu have introduced a new way to quantify nonlocality by measurement,
which is called the MIN [23], and following their paper, a number of papers emerged to
perfect its definition [24, 25] and discussed its properties [26, 27]. In addition, some authors
have analyzed its dynamical behavior and compared it with other quantum correlation mea-
surements such as the geometric discord [28, 29]. However, all of these studies don’t involve
the effect on the MIN resulting from relativistic effect. In fact, the study that how the Un-
ruh effect [30] affects the MIN not only is very significant to theory study, but also plays a
key role in practice, which can help us to implement the quantum task preferably and more
efficiently. Inspired by that, we analyze how the Unruh effect and prepared states affect the
MIN in this paper and we will show some new properties.
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Our paper is constructed as follows. In section II we introduce the different vacuums
for relativistic observers and the definition of the MIN. In section III how the Unruh effect
and prepared states affect the MIN are studied. And in the last section we summarize and
discuss our conclusions.
II. VACUUMS, EXCITED SATES AND DEFINITION OF MIN
It is well known that an uniformly accelerated observer will detect a thermal particle
distribution in the Minkowski vacuum. The Minkowski vacuum can be factorized as a
product of the vacua of all different Unruh modes
|0〉M = ⊗w|0w〉U. (1)
For the Dirac field, the Unruh monochromatic mode |0w〉U, from the noninertial observers’
perspective, can be expressed as [2, 7, 8]
|0w〉U = (e−w/T + 1)− 12 |0w〉I|0w〉II + (ew/T + 1)− 12 |1w〉I|1w〉II, (2)
where |m〉I (|n〉II) denote Rindler mode in region I (region II), and T = a/2pi is the Unruh
temperature in which a denotes the proper acceleration of the noninertial observer. Likewise,
the particle state of Unruh mode w in the Rindler basis is found to be
|1w〉U = |1w〉I|0w〉II. (3)
Recently, Luo et al [23] have introduced a way to quantify nonlocality from a geometric
perspective in terms of measurements, which is named the MIN. For a bipartite quantum
state ρ shared by subsystem A and B with respective to Hilbert space HA and HB, we can
find the difference between the overall pre-measurement and post-measurement states by
performing a local von Neumann measurements on part A. To capture the genuine nonlocal
effect of the measurements on the state, the key point is that the measurements do not
disturb the local state ρA = trBρ. Based on this idea, the MIN can be defined by et al [23]
N(ρ) = max
ΠA
‖ ρ−ΠA(ρ) ‖2 . (4)
For a general 2× 2 dimensional system
ρ =
1
2
1A√
2
⊗ 1
B
√
2
+
3∑
i=1
xiXi ⊗ 1
B
√
2
+
1A√
2
⊗
3∑
j=1
yjYj +
3∑
i=1
3∑
j=1
tijXi ⊗ Yj, (5)
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its MIN is given by [23]
N(ρ) =

 trTT
t − 1‖x‖2xtTT tx if x 6= 0,
trTT t − λ3 if x = 0,
(6)
where TT t(T = (tij)) is a 3 × 3 dimensional matrix, λ3 is its minimum eigenvalue, and
‖x‖2 =∑i x2i with x = (x1, x2, x3)t.
III. MIN OF X-TYPE INITIAL STATES
We now assume that Alice and Rob share a X-type initial state
ρAB =
1
4
(
IAB +
3∑
i=1
ciσ
(A)
i ⊗ σ(B)i
)
, (7)
where IA(B) is the identity operator in subspace A(B), and σ
(n)
i is the Pauli operator in
direction i acting on the subspace n = A,B, ci ∈ R such that 0 ≤| ci |≤ 1 for i = 1, 2, 3.
Obviously, Eq. (7) represents a class of states including the well-known initial states, such as
the Werner initial state (|c1| = |c2| = |c3| = α), and Bell basis state (|c1| = |c2| = |c3| = 1).
After the coincidence of Alice and Rob, Alice stays stationary while Rob moves with an
uniform acceleration a. To describe the states shared by these two relatively accelerated
observers in detail, we must use Eqs.(2) and (3) to rewrite Eq.(7) in terms of Minkowski
modes for Alice, Rindler modes I for Rob and Rindler modes II for Anti-Rob, which implies
that Rob and Anti-Rob are respectively confined in region I and II. The regions I and II are
causally disconnected, and the information which is physically accessible to the observers is
encoded in the Minkowski modes A and Rindler modes I, but the physically unaccessible
information is encoded in the Minkowski modes A and Rindler modes II. So we must
trace over the Rindler modes II (modes I) when we only consider the Physically accessible
(unaccessible) information.
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A. MIN shared by Alice and Rob
We first consider the MIN between modes A and I. By taking the trace over the states
of region II, we obtain
ρA,I =
1
4


1+c3
e−w/T+1
0 0 c1−c2
(e−w/T+1)
1
2
0 (1− c3) + 1+c3ew/T+1 c1+c2(e−w/T+1) 12 0
0 c1+c2
(e−w/T+1)
1
2
1−c3
e−w/T+1
0
c1−c2
(e−w/T+1)
1
2
0 0 (1 + c3) +
1−c3
ew/T+1


,
where |mn〉 = |m〉A|n〉I. For convenience to calculate the MIN, we rewrite the state ρA,I in
terms of Bloch representation, which is given by
ρA,I =
1
4
(
1A ⊗ 1I + c′01A ⊗ σ(I)3 +
3∑
i=1
c′iσ
(A)
i ⊗ σ(I)i
)
, (8)
where c′0 =
−1
(ew/T+1)
, c′1 =
c1
(e−w/T+1)
1
2
, c′2 =
c2
(e−w/T+1)
1
2
and c′3 =
c3
(e−w/T+1)
. From Eq.(6), we
find that the MIN for the state ρA,I is
N(ρA,I) =
1
4
{ (c1)2
(e−w/T + 1)
+
(c2)
2
(e−w/T + 1)
+
(c3)
2
(e−w/T + 1)2
−min[ (c1)
2
(e−w/T + 1)
,
(c2)
2
(e−w/T + 1)
,
(c3)
2
(e−w/T + 1)2
]
}
. (9)
Obviously, min
[ (c1)2
(e−w/T+1)
, (c2)
2
(e−w/T+1)
, (c3)
2
(e−w/T+1)2
]
depends on both the coefficients ci of the
states in Eq.(7) and the Unruh temperature.
(i) If |c1|, |c2| ≥ |c3| in Eq.(7), the minimum term in Eq.(9) is (c3)
2
(e−w/T+1)2
. In this case, the
MIN, provided taking fixed ci, decreases monotonously as the Unruh temperature increases.
(ii) For the case of |c3| > min{|c1|, |c2|} and both c1 and c2 don’t equals to 0 at the same
time, if min{|c1|, |c2|} ≥
√
2
2
|c3|, the MIN has a peculiar dynamics with a sudden change as
the Unruh temperature increases, i.e., N(ρA,I) decays quickly until
Tsc =
−w
ln( |c3|
2
min{|c1|2,|c2|2} − 1)
, (10)
and then N(ρA,I) decays relatively slowly. Otherwise, the MIN decays monotonously as the
temperature increases.
(iii) Finally, if |c1| = |c2| = 0, we have a monotonic decay of N(ρA,I) as the temperature
increases.
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The decrease of MIN means that the difference between the pre- and post-measurement
states becomes smaller, i.e., the disturbance induced by local measurement weaken. If we
understand the MIN as some kind of correlations, this decrease means that the quantum cor-
relation shared by two relatively accelerated observers decreases, i.e., less quantum resource
can be used for the quantum information task by these two observers. So the Unruh effect
affects quantum communication process by inducing the decrease of quantum resource.
By taking w = 1, the dynamical behavior of N(ρA,I) is shown in Fig. 1. We find from
the figure that the MIN, as the Unruh temperature approaches to the infinite, has a limit
lim
T→∞
N(ρA,I) =
1
16
{2(c1)2 + 2(c2)2 + (c3)2 −min[2(c1)2, 2(c2)2, (c3)2]}. (11)
That is to say, as long as the initial MIN does not equal to zero, it can persist for arbitrary
Unruh temperature.
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FIG. 1: (Color online) The MIN of state ρA,I as a function of Unruh temperature T . We take
parameters c1 = 1, c2 = 0.9 and |c3| ≤ |c1|, |c2| for red dashed line; c1 = 0.9, c2 = 0.85 and c3 = 1
for blue solid line. The insert shows the detail of sudden change.
We study Tsc of Eq.(10), if |c1| ≤ |c2|, by taking fixed c3, we plot how the parameter c1
affects it in Fig. 2, which shows that it decreases monotonously as c1 increases. That is to
say, the bigger c1 is, the sudden change behavior occurs earlier. And when |c2| ≤ |c1|, it is
interesting to note that with the increase of c2, it decreases monotonously too.
In Fig. 3, we study how the prepared states affect the MIN for case (i). It is found
that the N(ρA,I) increases monotonously as |ci| (i=1,2) increases. And for the case that
|c3| > min{|c1|, |c2|} ≥
√
2
2
|c3|, the MIN depends only on |c3| and max{|c1|, |c2|} before Tsc,
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FIG. 2: (Color online) The Tsc as a function of c1, here we take |c1| ≤ |c2| and c3 = 0.9.
while after Tsc it is independent of |c3| but dependent of |c1|, |c2|. However, no matter which
case, the MIN increases with the increase of |ci| it depends on.
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FIG. 3: (Color online) The MIN of state ρA,I as function of |c1| and |c2| with |c1|, |c2| ≥ |c3|. Here
we take fixed T = 0.1, 1, 20 from top to bottom, respectively.
Because the MIN is introduced to describe non-locality, its definition is very similar to
that of geometric discord. For further understanding it, we will compare it with the maximal
possible value 〈Bmax〉 of the Bell-CHSH expectation value and geometric discord.
As shown in Ref.[18], the 〈Bmax〉 for a given state ρ is determined by
〈Bmax〉ρ = 2
√
µ1 + µ2, (12)
where µ1, µ2 are the two largest eigenvalues of U(ρ) = TT
t, the matrix T = (tij) with
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tij = Tr[ρσi ⊗ σj ]. And the geometric discord is defined as [31, 32]
D(ρ) =
1
4
(||−→x ||2 + ||T ||2 − kmax), (13)
where kmax is the largest eigenvalue of matrix K =
−→x−→x t + TT t, where −→x = (xi)t with
xi = Tr[ρσi ⊗ 1] and T have the same definitions with Eq.(12).
Using Eqs.(8), (12) and (13), 〈Bmax〉ρA,I and D(ρA,I) are given by
〈Bmax〉ρA,I = 2{
(c1)
2
(e−w/T + 1)
+
(c2)
2
(e−w/T + 1)
+
(c3)
2
(e−w/T + 1)2
−min[ (c1)
2
(e−w/T + 1)
,
(c2)
2
(e−w/T + 1)
,
(c3)
2
(e−w/T + 1)2
]}1/2, (14)
and
D(ρA,I) =
1
4
{ (c1)
2
(e−w/T + 1)
+
(c2)
2
(e−w/T + 1)
+
(c3)
2
(e−w/T + 1)2
−max[ (c1)
2
(e−w/T + 1)
,
(c2)
2
(e−w/T + 1)
,
(c3)
2
(e−w/T + 1)2
]}, (15)
respectively.
It is interesting to note that
N(ρA,I) =
1
16
〈Bmax〉2ρA,I . (16)
We plotN(ρA,I) versus 〈Bmax〉ρA,I in Fig.4, which shows thatN(ρA,I) increases monotonously
as 〈Bmax〉ρA,I increases and it vanishes at zero point of 〈Bmax〉ρA,I . It is well known that
Bell inequality must be obeyed by local realism theory, but may be violated by quantum
mechanics. If we get 〈Bmax〉ρA,I > 2, it means that the violation of Bell-CHSH inequality,
which tells us that there exists nonlocal quantum correlation. But when 〈Bmax〉ρA,I ≤ 2,
it doesn’t mean that no quantum correlation exists, at leat for some mixed states, which
have quantum correlation but obey the Bell inequality. So we can’t be sure that whether
quantum correlation exists or not when 〈Bmax〉ρA,I ≤ 2. However, the MIN, which is an
indicator of the global effect caused by locally invariant measurement, is introduced to
quantify nonlocality, and nonzero MIN means existence of nonlocality. And form Fig.4 we
see that the MIN persists for all 〈Bmax〉ρA,I except for zero. Thus, the MIN, understood as
some kind of correlations, is more general than the quantum nonlocality related to violation
of the Bell’s inequalities.
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FIG. 4: (Color online) The MIN of state ρA,I as function of the maximally possible value of the
Bell-CHSH expectation value.
From Eqs.(9) and (15), we can see that the MIN is proportional to the two largest
eigenvalues of the matrix TT t, while the geometric discord is proportional to the two smallest
eigenvalues of it, so we know that the MIN should be always equal or larger than the
geometric discord. In Fig. 5 we plot the MIN versus the geometric discord for the Werner
(|c1| = |c2| = |c3| = c) states. It is shown that the MIN increases monotonously as the
geometric discord increases, and it is always equal or larger than the geometric discord. So
as the quantum resource, the MIN is more robust than geometric discord.
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FIG. 5: (Color online) The MIN of state ρA,I as a function of geometric discord D(ρA,I) for the
Werner sates, and the red solid line represents N(ρA,I) = D(ρA,I).
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B. MIN shared by Alice and Anti-Rob
Now we consider the MIN between modes A and II. By tracing over all modes in region
I, we get
ρA,II =
1
4
(
1A ⊗ 1II + c′01A ⊗ σ(II)3 +
3∑
i=1
c′iσ
(A)
i ⊗ σ(II)i
)
, (17)
where c′0 =
1
(e−w/T+1)
, c′1 =
c1
(ew/T+1)
1
2
, c′2 =
−c2
(ew/T+1)
1
2
and c′3 =
−c3
(ew/T+1)
. Similarly, the MIN
of state ρA,II can be obtained according to Eq.(6), which is
N(ρA,II) =
1
4
{ (c1)
2
(ew/T + 1)
+
(c2)
2
(ew/T + 1)
+
(c3)
2
(ew/T + 1)2
−min[ (c1)
2
(ew/T + 1)
,
(c2)
2
(ew/T + 1)
,
(c3)
2
(ew/T + 1)2
]}. (18)
(i) If |c1|, |c2| ≥ |c3|, the MIN increases monotonously as the Unruh temperature increases
provided taking fixed ci.
(ii) For the case of |c3| > min{|c1|, |c2|} and both c1 and c2 don’t equal to 0 at the same
time, if min{|c1|, |c2|} ≤
√
2
2
|c3|, the MIN has a peculiar dynamics with a sudden change at
Tsc
Tsc =
w
ln( |c3|
2
min{|c1|2,|c2|2} − 1)
. (19)
Otherwise, the MIN increases monotonously with the increase of the Unruh temperature.
(iii) Finally, if |c1| = |c2| = 0, we have a monotonic increase of N(ρA,II) as the Unruh
temperature increases.
We plot N(ρA,II) versus the Unruh temperature in Fig. 6. It is found that the MIN, as
the Unruh temperature approaches to the infinite, is close to
lim
T→∞
N(ρA,II) =
1
16
{2(c1)2 + 2(c2)2 + (c3)2 −min[2(c1)2, 2(c2)2, (c3)2]}, (20)
which is the same as limT→∞N(ρA,I). In addition, as T = 0 the MIN vanishes, which means
that the correlation between A and II is local when the observers are inertial.
When |c1| < |c2|, by taking fixed c3, we plot Tsc as a function of c1 in Fig. 7. We
learn from the figure that, unlike the Fig.2, Tsc increases monotonously with the increase of
c1. That is to say, the bigger c1 is, the sudden change behavior occurs latter. And when
|c2| < |c1|, it is also important to note that as |c2| increases Tsc increases monotonously too.
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FIG. 6: (Color online) The MIN of state ρA,II as a function of Unruh temperature T . We take
parameters c1 = 1, c2 = 0.9 and |c3| ≤ |c1|, |c2| for red dashed line; c1 = 0.9,c2 = 0.55 and c3 = 1
for blue solid line. The insert shows the detail of sudden change.
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FIG. 7: (Color online) The Tsc as a function of c1, here we take |c1| ≤ |c2| and c3 = 0.9.
How the prepared states affect the MIN for case (i) is shown in Fig. 8, which tells us
that N(ρA,II) increases monotonously as |ci| (i = 1, 2) increases. And for the case that
|c3| > min{|c1|, |c2|}, the MIN is independent of |c3| but dependent of |c1|, |c2| before Tsc,
while after Tsc it depends on |c3| and max{|c1|, |c2|}. However, no matter which case, the
MIN increases with the increase of |ci|.
From the above discussions, we know that the Unruh effect can induce the degradation for
N(ρA,I), but the increase for N(ρA,II). However, N(ρA,I) +N(ρA,II) has different dynamics
for different classes of states: (i) When |c1|, |c2| ≥ |c3|, N(ρA,I) + N(ρA,II) is independent
of the Unruh temperature. That is to say, N(ρA,I) + N(ρA,II) is a constant versus the
Unruh temperature for this class of states; (ii) When |c3| > min{|c1|, |c2|} ≥
√
2
2
|c3|, with
11
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FIG. 8: (color online) The MIN of state ρA,II as function of c1 and c2 with |c1|, |c2| ≥ |c3|. Here
we take fixed T =∞, 2, 1 from top to bottom, respectively.
the increase of the Unruh temperature N(ρA,I) +N(ρA,II) decreases monotonously until
Tsc =
−w
ln( |c3|
2
min{|c1|2,|c2|2} − 1)
, (21)
and from then on it remains constant; And (iii) when min{|c1|, |c2|} <
√
2
2
|c3|, N(ρA,I) +
N(ρA,II) decays quickly until
Tsc =
w
ln( |c3|
2
min{|c1|2,|c2|2} − 1)
, (22)
and after that it decays relatively slowly. We plot these dynamical behaviors in Fig. 9.
IV. CONCLUSIONS
The effect of the prepared states and Unruh temperature on the MIN of Dirac fields
was investigated and the following new properties were found: (i) The MIN N(ρA,I) for the
X-type states decreases as the Unruh temperature increases, but N(ρA,II) increases with
the increase of the Unruh temperature. (ii) For fixed Unruh temperature, it is found that
the MIN always increases as |ci| (i = 1, 2, 3) increases, and it takes the maximal value for
the Bell basis states. (iii) Both N(ρA,I) and N(ρA,II) have a peculiar dynamics with a
sudden change at Tsc provided ci appropriately chosen, the Tsc for N(ρA,I) decreases as ci
increases, while it is contrary for N(ρA,II). (iv) The MIN is more general than the quantum
nonlocality related to violation of Bell’s inequalities. Besides, it increases as the geometric
12
TscTsc
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.30
0.35
0.40
0.45
T
N
HΡ
A,
IL
+
N
HΡ
A,
II
L
FIG. 9: (Color online) The sum of N(ρA,I) and N(ρA,II) as a function of the Unruh temperature.
We take c1 = 1, c2 = 0.9 and |c3| ≤ |c1|, |c2| for the red dashed line; c3 = 1, c1 = 0.9 and c2 = 0.85
for the blue solid line, and c3 = 1, c1 = 0.9 and c2 = 0.5 for the yellow solid line.
discord increases, and it is always equal or larger than the geometric discord. And (v)
N(ρA,I) +N(ρA,II) has three kinds of dynamics: (a) When |c1|, |c2| ≥ |c3|, it is independent
of the Unruh temperature; (b) When |c3| > min{|c1|, |c2|} ≥
√
2
2
|c3|, with the increase of
the Unruh temperature it decreases monotonously until Tsc =
−w
ln(
|c3|
2
min{|c1|
2,|c2|
2}
−1)
, and from
then on it remains constant; And (c) when min{|c1|, |c2|} <
√
2
2
|c3|, with the increase of the
Unruh temperature, it decays quickly until Tsc =
w
ln(
|c3|
2
min{|c1|
2,|c2|
2}
−1)
, and after that it decays
relatively slowly.
Here we just simply discuss the relation between the MIN and the maximal expectation
values of CHSH inequality and geometric discord. More detailed study of this relation
can help us to ont only understand the MIN more clearly, but also distinguish difference
of quantum resource based on different correlation measurements. Such topics are left for
future research.
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